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VANISHING COHOMOLOGY THEOREMS
AND STABILITY OF COMPLEX
ANALYTIC FOLIATIONS

BY
JOAN GIRBAU

ABSTRACT

In this paper we deal with a complex analytic foliation of a compact complex
manifold endowed with a bundle-like metric and give a transversally holomor-
phic rigidity theorem (Theorem 9.1) for these foliations, depending on curvature
conditions. We give some examples for which we study holomorphic rigidity.
The classical vanishing theorems of Nakano, Griffiths and Le Potier are the
main tools we use to prove our results.

Introduction

The role of the vanishing theorems for the cohomology of complex analytic
vector bundles is well known in the theory of complex manifolds. It is therefore
to be supposed that analogous theorems might also prove interesting for
complex analytic foliations. I. Vaisman formulated in [22] a vanishing theorem
implying a rigidity result for some complex foliate structures, but, unfortunately,
there was a sign error in its proof. In actual fact, the sign in formula (5.13) of [22]
was wrong, and because of this, proposition 4 and the rigidity theorem on page
128 do not hold. 1. Vaisman had the opportunity to announce this error in the
review of the mentioned paper in Mathematical Reviews. (See Example 9.1 of
the present paper and the Remark that follows it in connexion with the results of
{22] that remain valid.)

We actually give a new vanishing cohomology result (Theorem 8.1) for foliate
vector bundles implying a rigidity theorem for complex foliations (Theorem 9.1).
We also give some examples in which Theorem 9.1 proves to be useful. Theorem
3.1 constitutes the main tool which makes it possible to apply the classical
vanishing theorems of Nakano, Griffiths and Le Potier to the foliate case.
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Theorem 3.1 is based on a generalization [9] of a rigidity theorem of R. S.
Hamilton [14] in connexion with compact Hausdorff foliations.

I wish to express my gratitude to Professor 1. Vaisman for his invaluable help.
He has certainly spent many hours reading my previous manuscripts carefully
and pointing out some non-trivial mistakes to me. I should state that without his
cooperation this work would not have perhaps appeared.

1. Review of compact Hausdorff foliations

This section summarizes material presented in detail in [10] and [9].

Let M be a C” manifold of dimension n+m with a C” foliation ¥ of
codimension n. Denote by B = M/% the quotient space obtained by identifying
each leaf of Z to a point, endowed with the quotient topology. We say that & is
compact Hausdorff if the leaves are compact and B is Hausdorff.

ExamMrLE 1.1. Let D be the open unit ball in R". Let G be a finite subgroup
of O(n). Let L be a compact manifold. Suppose that there is a C” free action of
G on L, on the right. Define an action of G on L X D by g(p,x) = (pg ", gx)
The quotient space L XgD of L X D by this action can be endowed with a
structure of C” manifold in a natural way (by using the fact that the action of G
on L is free). Take the foliation on L X D whose leaves are L X {point}. This
foliation is preserved by the action of G. So we have a foliation induced on
L X D. This foliation is compact Hausdorft.

This example is interesting by virtue of the following theorem due to Reeb,
Ehresmann, Haefliger and Epstein [7] (see also [13]), that asserts that all
compact HausdorfI foliations are locally like the one of this example.

TueoreM 1.1. [7} If F is compact Hausdorff, then there is a ““generic leaf”” L
such that there is a dense open subset of M where the leaves are all diffeomorphic to
L. Moreover, given a leaf L, there is: (a) a finite subgroup G of O(n); (b) a free
C~ action of G on L, on the right; (c) an open neighborhood V of L, and a C~
diffeomorphism ®: L X5 D —> V which preserves the leaves if one takes on L X D
the foliation of Example 1.1.

DEFINITION 1.1, Let L XgD be the foliate manifoid of Example 1.1. Let
n:G—>C°(D,GL(r,R)) be a mapping such that =n(gg)(x)=
1(g)(g'x)°n(g")(x) Vg, g € G and Vx € D. Define an action of G on L X D X
R by g(p,x,v)=(pg’, gx, n(g)(x)v). One can prove easily that (L X D X
R')/G — L X5 D (natural projection) constitutes a vector bundle of fibre R” (see
[10]). Such a fibre bundle on L X5 D will be called allowable.
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DEFINITION 1.2. Suppose that the foliation & over M is compact Hausdorff.
A C~ vector bundle E — M will be called allowable if, given a leaf L,, there is a
finite subgroup G of O(n), a free action of G on L, a neighborhood V of L,,
and a diffeomorphism ®: L Xg D — V verifying the properties of Theorem 1.1
such that the pull-back of E | V by ® is allowable on L x5 D (Definition 1.1).

The transversal bundle of % and the trivial bundle are allowable. From the
functorial character of the definition it follows that if E and F are allowable,
then EQ®F, E @ F, Hom(E, F), A’E, E*, etc. are also allowable. Recall now
the following

DEerFNITION 1.3. A vector bundle E — M is called foliate if there is an open
cover U ={W} of M by flat local charts (W,x',---x",x""'-+--x""™) and a
trivialization of E | W over each W € %, given by a basis of sections s, - - - s, in
such a way that the transition functions are constant along the leaves (that is,
they depend only on x'---x"). If E is such, we have the notion of a base-like
section. A section y of E is called base-like if it has an expression y =X y“s,,
A=1---r, over each WE U, where the functions y* depend only upon

1 n

X **X .

It is easy to see that an allowable vector bundle is always foliate {10].
We need the following

THEOREM 1.2.[9]. Suppose that the foliation ¥ of M is compact Hausdorff. Let
E — M be an allowable vector bundle. Let U(E) be the sheaf of germs of C”
base-like local sections of E. Let L be the generic leaf of %. If by(L)=0, then
H'(M, %(E)) =0.

REMARK. We can repeat this section assuming that E is a vector bundle with
fibre C’ (instead of R").

2. Review of complex analytic foliations

From now on M will be a compact complex manifold of complex dimension
n + m endowed with a complex analytic foliation ¥ of complex codimension n
whose leaves are closed subsets in M. We suppose that & is defined by an
adapted atlas {(U., 2% 2%} (index convention: a,b---=1---n; v+ =
n+1---n+m) where z5= constant defines the leaves. We suppose that M is
endowed with a Hermitian bundle-like metric g. We shall denote by 3k the
Hodge star operator corresponding to g and by %k the operator k¢ = % where
%k means the complex conjugate of sk¢. We shall have a Hermitian scalar
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product defined in the space of differential forms by (¢, ¥) = fme A =i<¢ and the
operator 8 = — %Rd % such that (do, ¢) = (¢, 8¢). We shall have decompositions
d=4d'+d", 8§ =8+ 8" in accordance with complex types. We shall denote by
D*? the space of the forms ¢ which have the following local expression:

11

2.1 @ =;?

Payapi-6, 420N Adz% AdzP - A dz%

where the coefficients @q,..q,5--5, depend only on z°, 2° (recall that a,b--- =
1:--n). The elements of D™ will be called base-like (p, q)-forms.

At each point xo€ M we can define algebraically a Hodge star operator
] p: DE— D 7" (we use b as initial of ‘‘base-like’’), using only the transversal
part (g.s) of the metric g, in the way that we are going to explain. We can always
suppose that the coordinates z“ have been taken such that the matrix (g.s) is the
identity at xo. Let A, ={a,---a,} be a set of indices a, < r<a,0=a=n
Denote by A,={1---n}— A, ordered by <. We define ¥, at x, to be

%, (fdz % A dz%)=(—1)""Pe(A,, Al)e(B,, B) fdz*" rn dz B:

where f is any complex number. Define §, on D** by §, = — >i=bd >i<.,. We recall
that by virtue of a lemma of {10, chap. 4] we have 8,0 = 8¢ if ¢ € D™,

Let E — M be a complex analytic foliate vector bundle (here complex analytic
foliate means that it is possible to find a cover % = {W}, analogous to the one of
Definition 1.3, by flat local charts, (W, z°, z"), and trivializations over each W
such that the transition functions depend only on z*). We suppose that E is
endowed with a foliate Hermitian metric h (here foliate means that h is locally
given by a Hermitian matrix (has) depending only on z° and z% (index
convention: A, B ---=1---r). We shall use the associate Hermitian connexion
locally given by w2 = (d'hac)h“®. We can define a Hermitian product in the
space of E-valued differential forms by (¢, ¢) = [phase® A >i=«//8. (Recall that if
¢ is an E-valued differential form, then ¢ has the local expression ¢ = ¢* @ sa,
where ¢” are ordinary forms and {s.} is the basis of sections given by the
trivialization we have taken.)

We define the operators d, d, 8E, 8t in the space of E-valued forms by the
local expressions

(de@)* =d'o” +wpne®  (dep)* =d"¢"%,
(Bre)* = 80",  (8kp)* =8"¢" —>i<e(0)=i=<p4,

where e(6) means the exterior product by the matrix 8 = (8%), 62 = h®“d"hca.
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One verifies that d ;. (resp. d) and 8¢ (resp. 8E) are adjoints with respect to the
scalar product {( , ).

We shall denote by D™ (E) the space of C” base-like E-valued (p, q)-forms.
Define the operators (6&)» and (8E), on D™ (E) by (8E), = 64 and (8E)s =
8% —%K,e(0)%, on each local chart. Since the metric h is foliate, (6E), maps
D (E) into D?*"'(E). One can prove that on D?(E) one has (8%), = 8z and
(8E)» = 8% (as in case E is trivial).

Let A% be the Laplace operator dedz+ 8kdi. On D”(E) one has A=
diy(8%)s + (82)sd%. Hence A maps D™ (E) into itself. We shall denote by
H%Y(M, E) the space of those ¢ € D?(E) such that Az =0.

Recall that M is compact, endowed with a bundle-like metric, and that its
leaves are closed. Then a known theorem (see [16]) asserts that the foliation is
compact Hausdorft as a real C” foliation over the 2(n + m)-dimensional real
manifold M.

We need the following

THEOREM 2.1 [10]. Let E— M be a complex analytic foliate vector bundle
endowed with a foliate Hermitian metric. Assume that E — M is allowable
(Definition 1.2) over the 2(n+ m)-dimensional real manifold M. Let
H(D" (E),d}) be the cohomology of the complex

dg .
.. -——>D"‘i(E)——>D""+‘(E)-——)- .,

We have H(D? (E),d )= H}*(M, E).

3. Cohomology of base-like forms

Keep the notations and assumptions of the preceding section. Denote by
O¥(E) the sheaf of germs of holomorphic local E-valued base-like (p, 0)-forms.
Let L be the generic leaf of % We are going to prove the following

THEOREM 3.1. Let E— M be a complex analytic foliate vector bundle en-
dowed with a foliate Hermitian metric h. Assume that E — M is allowable over the
2(n + m)-dimensional real manifold M. If b,(L)=0, then H'(M,QYE))=
HY (M, E).

Proor. Here we borrow some ideas from [15]. Denote by 7 the tangent
bundle of type (1, 0) of the foliation. Denote by T(M) the tangent bundle of type
(1,0) of M. Let v = T(M)/7 the transversal bundle. Given X € I'(T(M)), we
shall denote by (X)) its class in ». We take a connexion V of type (1,0) in v such
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that if X €I'(7) and (Y) €TI'(») then Vx(Y) = ([X, Y]) (Bott [3]). We take the
contnexion in E introduced in the preceding section. These connexions induce a
connexion in A’v*@ E. Denote by ¢ the bundle 7@t @7 Denote by
B =T(A*€*® A?v* @ E). Define an operator d : B> — B>**" in the follow-
ing way. If 0 € B™ and X, - - X, €EI'(£), we define

o) (Xo-- X)) = 3 (~1) Vo (Ko K-+ X))

Sisq

~

+ 2 DX X)X X X X)),

0si<jsq

Since E is foliate there is a cover U consisting of flat local charts (U, 2%, z*) and
trivializations of E | U for any U € % such that the transition functions depend
only upon z°. Let us find the expression of d on (U, z% z*). Denote by x' the
coordinates z°% z" z* If o € B™, o will have the local expression

f—

1 i a, a
o= !b—?aﬁ...,q,,,...%dxlA---Adx‘«v AdzP A A dz% @ sa.

~

Let X be one of the following vector fields over U, X = 8/dz*, X = 3/dz" or
X = 3/3z°. Observe that we have Vxdz® =0 and Vxs, =0 with respect to the
connexions taken in »* and E. In fact, when X = 3/3z° or X = 3/dz" these
identities are fulfilled since these connexions are of type (1,0). When X = 4/9z"*

we have
a \_ a a _
VB/32“<:§Z—¢:'> - <[azu > aza ]> - 0'

We also have V,,,,« s = 0 since the connexion in E is given by w2 = (d'hac)h ®
where h is foliate, that is, hac depends only on z°, z° From this we deduce that

do =bl—,%(%(aﬁ...,-p,,...ap)dx') Adx'iaccondx's adz% e dz% @ sa.

Hence d*>=0. Denote by A** =T(A'v*Q A (t*P 1% Q@ A’ v*® E). Obvi-
ously B =3,.,.,A”". The operator d maps A" into A™** AP,
Hence d has an obvious decomposition into two parts, d =d”"+d. d*=0

implies d” =0, d; =0and d"d; = — d,d". Let U™ be the sheaf of germs of local
sections of A" v* QA*(r*P1*)® APv* ® E. The sequence of sheafs

cae _)QIP-M d’ > ng.r.x+l o
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is exact by virtue of lemma 2.4 of [15] (our operator d; is analogous to the
operator d of [15] in the real case considered there). Observe that

Ker{d; : A**°— A**'} = AP (E),

where 9?(E) is the sheaf of germs of C* E-valued base-like local (p, 0)-forms.
We have then the resolution

0— U (B) —> W2 g0t s ..

Since the sheaves W™ are fine, H*({A"*,d;})= H*(M,¥U* (E)). By virtue of
Theorem 1.2 applied to the vector bundle A*v @ E we have H'(M, UA*(E))=0.
Consider the double complex

|

d’l
A p.0,1 BN A p1.1

a1 1

Ap.O,O =5 AP—LO —_ e

i !

p(E) % D(E) — -+

Observe that the kernel of d;: A?°— A®"' is D?'(E). We are going to prove
that H'({B*,d})= H'({D"* (E),d"}). In fact, given u = u**' + u”"* € B*' such

that du =0, we have du®"'=0, d"u®' = —du”'* and d"u”"’=0. Since
H'{A"™,d,}) =0 there exists u?*®€ A?*° such that du”*’=u""'. We have
df(duup.o.o — up.l‘O) - _ d"d,u p00 __ up,l,O R duup‘o.l — dfu p,l,O. Hence (d"u"‘o‘ﬂ _

u*%)e DP!(E). This element is a cocycle of D™'(E) since d"(d"u** —u®"") =
— d"u™"* = 0. The map from H'({B”,d}) to H'({D"'(E),d"}) given by class u —
class of (d"u""—u"'") is well defined and it is an isomorphism. (In fact,
given a cocycle a € D*'(E), then 0+ a € A**' @ A*'"*= B™ is a cocycle and
the mapping: class a — class (0 + a) is the inverse isomorphism.) As in {15] we
have H'({B®, d}) = H'(M, Q%(E)). Hence H'(M, Q4(E)) = H'({D"(E), d"}). By
virtue of Theorem 2.1 we have H'(M, Q(E))= H%'(M, E).

4. Bundle-like pseudo-Kihler metrics
Let g be a bundle-like Hermitian metric on M locally given by

“.1) g8 = 8adz® A dz?+ g..0" A 67,

n

ab=1---n; uv=n+1---n+m, where g; depends only on z':---z"
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z'-+-2z". We shall say that g is a bundle-like pseudo-Kihler metric if do’ =0,
where

w'=V —1gsdz® A dz"

(This expression gives a form globally defined.) We shall suppose from now on
that g is such. Denote by L' the left exterior multiplication by w’. As in section 2
denote by D** the space of C” base-like (p, q)-forms. Define A’ on D** by

* L’*,, The pseudo-Kahler condition implies dL’=L'd on D™ From
thxs relation (using 3,) one also gets §,A'=A'S,.. Using *,, and the same
reasoning as in [4] one can get (on D??) the identity A'd —dA'= — C7'6,C.
From this identity one obtains on D"*

Nd' —d'N=V-1
42) {

ANd"—d"A = -\/_ 8h. '

Let E— M be a complex analytic foliate vector bundle endowed with a foliate
Hermitian metric h. Let D> (E) be the space of C” base-like E-valued forms of
type (p, q). Let w be the connexion form w2 = (d'hac)h ®. Let 8 be the matrix
form 05 = h®°(d"hca). (w and 0 are only defined on each local chart.) One can
prove by a componentwise computation that one has on D?(E)

@3)  Ne(w)—e(w)A' = —V—1ke(0)%k, = —V—1%ke(6)%.

From (4.2) and (4.3) one gets on D?*(E)

Ndi—diN =V -1
4.4) {
ANdi—diN = -V -18¢.
One verifies easily
4.5) dedi+dide=e(())

where Q4 =d"w5.

We shall also employ the operator #,: D" (E)—>D""""YE*) defined on
each local chart (U, z2,2%) by (#s¢)| U = (has)a®Roe 5. One can see that
(hap)a %,¢? defines an E*-valued global form.
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5. A vanishing cohomology theorem for complex analytic foliate line bundles

Everything is now ready for the proof of the following generalized Nakano’s
result.

THEOREM 5.1. Let M be a compact manifold of complex dimension n+m
endowed with a complex analytic foliation F of complex codimension n. Suppose
that we are given a bundle-like pseudo-Kdhler metric g on M. Let E— M be a
complex analytic foliate line bundle with a foliate Hermitian metric h. Let S} be the
curvature form of the connexion associated to h. Let

Q=Qudz® A dz° (a,b=1---n)

be the local expression of ). Suppose that the matrix ({1.;) defines, at each point x,
a negative definite Hermitian product in v, (v = transversal bundle). Then there is
a bundle-like pseudo-Kdihler metric § on M such that H;(M,E)=0 for
p +q <n, where Hy(M, E) are referred to g.

Proor. Observe that () will be a global base-like form. Let g be the initial
bundle-like pseudo-Kihler metric (whose local expression is (4.1)). By the
hypotheses, the expression

g=—Qudz “dz®+ g0 “g®
will define another bundle-like pseudo-Kihler metric. Let H}(M, E) be the
space of C~ base-like E-valued (p, q)-forms ¢ such that Agp =0, where Ak is
referred to g. Let ¢ be an element of HY%M, E). We shall have
(die,dt@)=(p,8kdLp)= —V —1(p,(N'di—diN)dEe)

~VZI(8LL' — L'8L)e, di@)= —V —1(81:L'¢, d )

= ~-V=1L'¢,dtdie)= —V—I(L'q,(dEtdt+ dtdE)e)
= - V-I(L'¢, e(Qe).
(Recall that ( , )is Hermitian.) But L' = —V —1e(Q) by virtue of the choice

of g.So{(dt¢,drp)= —(L'¢,L'¢). This implies L'¢ =0 and dz¢ =0. But itis
well known that L'¢ =0 implies ¢ =0 if p +q <n (see [1]).
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6. Le Potier’s isomorphism

Consider again the complex foliate manifold M of the preceding section. Let
7 : E = M be a complex analytic foliate vector bundle with r-dimensional fibres.
Let w': E*— M be its dual bundle. Denote by p: P(E*)-> M the projective
bundle defined by the 1-dimensional subspaces of the fibres of E *. (Each point u
of P(E*)is a 1-dimensional subspace of 7' ~'p(u).) Since E is foliate we can take
a cover U of M consisting of flat local charts (U, z° z*) and a trivialization of
E*| U for any U € U such that the transition functions depend only on z°
Then for any U, € U one has the natural coordinates (z2,z4, y2) (A =1---r)
on 7' (U,)= U, X C". Let V., be the subset of p~'(U.) given by y2 #0. On
V.. we have the local coordinates

6.1) (zi, za, taa=yalyd), B#A.

It is easy to see (since E is foliate) that (6.1) defines a flat coordinate system for a
complex foliation on P(E*) whose leaves are defined by z2 = constant, t53.=
constant, The codimension of this foliation is n +r —1.

Let p*(E) be the pull-back of E by p: P(E*)— M. Let S be the subbundle of
p*(E) consisting of the pairs (v, u.) (zEM, v, EE}, u. €E,) such that
v.(u.)=0. Then the quotient bundle Q(E)=p*(E)/S is a complex analytic
foliate line bundle on P(E*). Le Potier proved [19] (for m =0) some cohomol-
ogy isomorphisms. (See [20] for another proof.) It is easy to see that the proof in
[20] holds in our situation. Precisely, one has the following

THEOREM 6.1.  For every complex foliate manifold M endowed with a complex
analytic foliate vector bundle . E — M, there are the following isomorphisms:

(6.2) H*(M,(¥(E)) = H*(P(E™), 23(Q(E))),
if one takes the foliation on P(E*) given by (6.1).

Let h be a foliate Hermitian metric in E. Denote by h * its induced metric in
E*. We shall use a tilda (~ ) to denote the passage to equivalence classes either
in P(E*) or in Q(E). We shall obtain a Hermitian metric H in Q(E) by

63) H(Gow), (1 u) = Ll 20),

which is easily seen to be independent of the chosen representatives and to be a
foliate metric. Let vy be the curvature form (on P(E *)) associated to this metric.
We want to calculate y at a fixed point of P(E*). We may suppose that this point
belongs to the typical coordinate neighborhood V,. with non-homogeneous
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coordinates (z% z"“ t'---t""',1). Here our index convention will be: A,B --- =
1:-+rwitht'=1land P,Q---=1---r~1.If a trivialization of E* is chosen on
some neighborhood of the fixed point such that h * is the unit matrix and dh * the
zero matrix at this point, one obtains as in [12, page 202] the following
expression for y:

_ (Badshka)tt®
“ = sy o 0
6.4)

8ro tt?

=1+2t‘°t_"—(1+2t"t—”)2’

Yeo

Yuﬁ = ‘Yu}_’ = y
which is valid at the chosen point and for the chosen trivialization.

7. Transversal curvature, transversal Ricci tensor and canonical bundle

Let g be a bundle-like Hermitian metric on M locally given by (4.1). Let » be
the transversal bundle. By means of g, v can be identified to the normal bundle.
Let {dz*, 6} be the local cobasis of (1,0)-forms which appears in the expression
(4.1). Let {Z,, 8/3z*} be its dual basis. The matrix (g.;) which appears in (4.1)
defines a Hermitian metric in the normal bundle v by the formula g(Z,, Z,) =
8- Let V be the unique connexion in v of type (1,0) associated to this metric,
given locally by w?=(d’'g.:)g®. Let

R :T(T(M)) X T(T(M)) X I'(v)— T'(»)

be the curvature tensor of this connexion. One has R(X, Y)Z =0 if either X or
Y is tangent to a leaf. The restriction of R to I'(¢) X I'(#) x I'(v) will be called
the transversal curvature tensor. It will be locally given by components R ..
The Ricci tensor R, = R will be called transversal Ricci tensor. (We would
like to point out that the transversal curvature tensor coincides with the
transversal part of the curvature of the second connexion introduced by
1. Vaisman in [21].)

The line bundle A"v (over M) will be called the canonical bundle of the
foliation and denoted by K(M). Let {U, } be a cover of M consisting of flat local
charts. The functions f, = det(g.s). on each U, define a foliate Hermitian metric
in K(M)*. It is easy to show that the curvature form corresponding to the unique
connexion of type (1,0) associated to this metric is locally given by

(7.1) Q= Rudz® A dz°,
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where R, are the components of the transversal Ricci tensor.

Let E— M be a complex analytic foliate vector bundle with r-dimensional
fibres. Denote by (f2)as its transition functions. We shall denote by det E — M
the complex analytic foliate line bundle with transition functions ¢.z =
det(f2)as. As in [12] one can prove

(7.2) K(P(E*))= Q(E)” @p*(det EQ K(M)),

where p denotes the projection P(E*)— M. As in the non-foliate case one can
prove the following isomorphism:

(1.3) QYE) = QUK (M)*QE).

8. Main vanishing theorem

THEOREM 8.1. Let M be a compact complex manifold of dimension n + m,
with a complex analytic foliation F of codimension n whose leaves are closed
subsets. Suppose that M is endowed with a bundle-like pseudo-Kdhler metric g.
Suppose that b(L) =0, where L is the generic leaf of the foliation (which is
compact Hausdorff by virtue of these assumptions). Let E—~M be an r-
dimensional complex analytic foliate vector bundle, endowed with a foliate
Hermitian metric h. Assume that E is allowable (Definition 1.2). Let (03) be the
curvature matrix of the connexion of type (1,0) associated to h and let (Q) be the
transversal curvature matrix associated to g (see §7). Assume that

Qt, X) = (1 + DhacOS(Za, Z)X X t41®
8.1) L
+(Ras — 24 O4(Z., Z)X X h(t,1) >0

for any local non-vanishing section t of E and any non-vanishing transversal
vector field X =3 X°Z,. (See §7 for the definition of Z,.) Then H'(M, Q3(E)) =0.

ProoF. We can introduce a bundle-like pseudo-Kahler metric on P(E*) in
the following way. Let y be the curvature form of the Hermitian metric (6.3) in
Q(E). Let g be the bundle-like pseudo-Kahler metric on M. Then kp*(g)+y
(where k is a sufficiently large positive constant) will be positive definite at each
point by virtue of (6.4). (In fact, k is chosen such that y. + kg.s be positive
definite at each point.) It is obvious that this metric will be bundle-like
pseudo-Kihler for the foliation introduced on P(E*) by (6.1). Hence we shall
have a foliate Hermitian metric in K(P(E*))® Q(E)*. Call this metric h'. Let
v’ be its curvature form. Denote by v, ¥: the curvature forms of the metrics in
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K(M)* and det E respectively induced by the metric g on M and h in E. By
virtue of (7.2) we shail have

@2) Y =—(+D)y+p* (-7t 7).

Let us show that the expression (3.35h %s)t*t® which appears in (6.4) can be
written in a more convenient way. Recall that (6.4) was the expression of y at a
fixed point where h* was the unit matrix and dh* was the zero matrix. The
curvature matrix of h* is

(83) Q* = d"w0* = (d"d'h*h*" +(d'h*) A h*(d"hHh*".

At the chosen point (since d"h* =0, h* = I) we shall have }* =d"d'h*. E will
have at this point the curvature (} = —'(d"d’'h*). Since the metric h* is foliate,
the expression (3,3:h 45 )t*t® can be written (Z,Z,h 45)t*t® where Z, have been
introduced in §7. Then we have

(8.4) (3aB5h %5 P12 = RacQS(Z, Zo)t 1P

From (6.4), (8.4), (7.1), (8.2) and (8.1), the transversal part of the matrix y' will be
negative definite. By Theorem 5.1 applied to P(E*) and to the bundle
K(P(E*))® Q(E)*, there is a bundle-like pseudo-Kahler metric on P(E*) such
that H3*(P(E*), K(P(E*))® Q(E)*)=0 if p+q <n+r—1, where H}* are
referred to this metric. In particular H}"*""*=0. Using the operator #,
introduced in §4 one can see that

HE™ " *(P(E*), K(P(E*)® Q(E)*)= H;""(P(E*), K(P(E*))* ® Q(E)).
On the other hand, by Le Potier’s isomorphism and (7.3) we shall have

H'(M, Q(E))= H'(P(E*), B(Q(E)))
=H'(P(E*), 5" (K(P(E*))* ® Q(E))).

In order to end the proof it suffices to prove that
H'(P(E*), 03" (K(P(E"))*® Q(E)))
= H;"""(P(E*), K(P(E¥))* @ Q(E)).

But this isomorphism will be a consequence of Theorem 3.1 if we prove that the
assumptions of that theorem are fulfilled. Let us prove that Q(E) is an allowable
vector bundle. Since E is allowable, its restriction to a small saturated
neighborhood will be (isomorphic to) the bundle (L X D XC')/G — L XD,
where G actson L X D X C’ by g(p, x, v) =(pg ", gx, n(g)(x)v). The bundle E*
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on the same neighborhood will be (L X D X C")/G — L XD, where G acts by
gp,x,v)=(pg”", gx, ‘m(g)(x)'v). P(E*) on the same neighborhood will be
(L XD X P,_,(C))/G — L X5 D, where G acts by

g, x, v)=(pg ", gx, n(g)(x)'v).

(This shows that the generic leaf of the foliation on P(E*)is also L.) Let p be the
canonical projection

P(E*)=(L XD X P,_{(C)))/G > L xgD =M.

The pull-back of E (on L XgD) by p willbe (L X D X P,_,(C) X C")/G where G
acts by g(p,x, 5, u)=(pg~", gx, ‘n(g)(x)'v, n(g)(x)u). The subbundle S of
p*(E) (see §6) will consist of those (p, x, &, u) such that Zv.u” =0 (we shall
write v(u) =0). Observe that if v(u) =0, then ‘n(g)(x)'v(n(g)(x)u)=0. This
shows that the quotient bundle Q(E)=p*(E)/S will be locally given by
(L X D X P,_,(C) xC)/G where G acts by

~
g, x, b,¢)=(pg", gx,'"n(g)(x)'v, c).

This shows that Q(E) is allowable. On the other hand K(P(E*)) is
allowable since the transversal bundle of a Hausdorff compact foliation is always
allowable and the canonical bundle has been defined by means of the transversal
bundle. Hence K(P(E*))*® Q(E) is allowable. We have also seen that the
generic leaf of the foliation taken on P(E*) is L. Since b,(L)=0, all the
assumptions of Theorem 3.1 are fulfilled. This ends the proof of our theorem.

9. Some consequences of Theorem 8.1 about the stability of complex analytic
foliations

In this section we suppose that M is a compact complex manifold of dimension
n + m with a complex analytic foliation & of codimension n whose leaves are
closed subsets. Let 7 be the tangent bundle (of complex type (1,0)) and let
v = T(M)/7 be the transversal bundle. Denote ¥ = ();(v). Let © be the sheaf of
germs of local holomorphic vector fields

= xod 4 xu 9
X=X 320 +X 32"
such that the functions X* and X* are holomorphic and 4X“/dz* =0. Denote

by @ the sheaf of germs of holomorphic sections of 7. We shall have the
following exact sequence of sheaves:
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9.1) 0->P—->0->T—>0.

(See [22] and [15}. In [15] ®,® and ¥ are denoted by ©c,®c and O,
respectively.)

DEerNITION 9.1.  (a) The foliation & is called infinitesimally holomorphically
stable if H'(M, ¥)=0. (This stability has been studied in [15], [5] and [6].)

(b) The foliation & is called Kodaira-Spencer stable if H'(M, ®)=0. (This
stability has been studied in [17].)

REMARK. (The meaning of the different kinds of stability introduced in
Definition 9.1). Let ¥ be a complex analytic foliation on M. Let U be a small
open set of some euclidean space R’ containing the origin. A differentiable
family of deformations of % is a family {%.} of complex analytic foliations on M
depending differentiably on t€U such that for t=0, % =%
Kodaira-Spencer’s stability (for %) means that every foliation %, in a small
differentiable family of deformations of & is conjugate to % in the sense that
there exists a biholomorphic bijective map of M sending leaves of %, to leaves of
.

Let us explain now the meaning of infinitesimal-holomorphic stability. Given
two C~ foliations #, and %. on M whose local transversal manifolds are
complex analytic, we shall say that %, and %, are transverse conjugate if there
exists a diffeomorphism of M sending the leaves of %, to the leaves of %, and
inducing a holomorphic map on each local transversal manifold. Suppose that
there exists a C” foliation transversal to %. Duchamp and Kalka have proven in
that case that infinitesimal-holomorphic stability means that every C™ foliation
on M sufficiently near %, whose local transversal manifolds are holomorphic, is
transverse conjugate to % (theorem 3.1 of [5]). (Duchamp has communicated to
me recently that he and Kalka have succeeded in removing the assumption that a
C” foliation transversal to & exists.) This gives a complete description of the
meaning of infinitesimal-holomorphic stability.

From Theorem 8.1 we shall obtain the following

THEOREM 9.1.  Suppose that M is endowed with a bundle-like pseudo-Kdhler
metric g. Moreover, suppose that

(a) b:(L) =0, where L is the generic leaf,

(b) the transversal curvature tensor (see §7) has positive bisectional holomorphic
curvature.
Then ¥ is infinitesimally holomorphically stable.
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PrROOF. Let us apply Theorem 8.1 to show that H'(M, (23(v)) = 0. In our case
g induces a foliate Hermitian metric in ». In this case (8.1) becomes Q(¢, X) =
(n +DR(1, 1, X, X). Condition (b) implies Q(f,X)>0 and the theorem is
proven.

ExampLE 9.1. (Proposition 5 of [22]). Let M be the product P,.(C) X P,(C)
(n, m >0) with the natural foliation & of codimension n and the product metric
g = g1 X g, where g, and g, are Fubini’s metrics. The hypotheses of Theorem 9.1
are fulfilled. Then H'(M, ¥)=0. The reasoning in [22] in order to show that
H'(M,®) =0 holds good. Then & is Kodaira-Spencer stable as a consequence
of the exact cohomology sequence associated to (9.1.).

REMARK. It is not necessary to use Theorem 9.1 in this case. I. Vaisman
pointed out to me the following reasoning. By [5, lemma 4.9] we have

H'(P.(€) X P.(C), ¥) = H'(P.(C), 8(P.(C)) ® H'(P..(C),C))
+ H'(P.(C), 8(P.(C)) ® H’(P..(C),C)) =0,

where @(P.(C)) is the sheaf of germs of holomorphic vector fields on P,(C).

ExampLE 9.2. Let V be the projective space P,(C). Let p: P(T(V))— V be
the projectivization of the tangent bundle T(V) (of complex type (1.0)). Let M
be the manifold P(T(V)) endowed with the foliation & given by the fibres of the
preceding fibration. Take on M the bundle-like metric

9.2) g = gusdz “dzP+ W

given in the theorem on page 84 of [21], where g is Fubini’s metric on P.(C).
This metric is pseudo-Kihler. The assumptions of Theorem 9.1 are fulfilled.
Therefore ¥ is infinitesimally holomorphically stable.

We are going to compute H'(M,®) in order to show that & is also
Kodaira-Spencer stable.

T(P,(C)) can be thought of as the set of pairs ({v), w) with v a unitary vector
of C**' and w € (v)*. ({(v) means the vector subspace generated by v.) (See [11,
proposition IV, p. 217].) Therefore P(T(P.(C))) can be interpreted as the set of
pairs ({(v),(w)) with v, w unitary vectors of C**’, v L w. Then

P(T(P.C))=Un+DN(UQQ)x U1)x U(n —1)).
In fact, we can identify both spaces by the following mapping:

Un + DU@) X U)X U(n - 1)) P(T(P.(C))),

(9.3) p— (p{en), plea)),
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where p € U(n + 1), j isits class and {e, - - - e...} is the canonical basis of C"*". It
is easy to see that (9.3) is a well-defined isomorphism. Another way to see that
this identification is possible is given by problem 10(iii) of [11, p. 463). To
abbreviate, denote

G=U(n+1), H=UQWxUMm), K=UQxUQ1)xUn-1).

The fibre bundle P(T(V))— V is G/K — G/H with the natural projection
(G/K is the space of cosets gK).

Let T(G) be the tangent bundle of G (of complex type (1,0)). Let Ly; be the
subbundle of T(G) consisting of the vectors tangent to the fibres of G — G/H.
Let L be the subbundle of T(G) consisting of the vectors tangent to the fibres
of G>G/K. K acts on L, and L¢ on the right. Ly/K— G/K and
Lx/K— G/K will be vector bundles. The fibre of Ly/K over a point x, =
8K € G/K will be isomorphic to (Lu),, (the fibre over go). The fibre of Lx/K
over xo will be (Lk),,. Let T be the subbundle of the tangent bundle T(G/K)
consisting of the vectors tangent to the fibres of G/K — G/H. We have a natural
projection Ly/K — T whose kernel is Ly/K. Then we have the following exact
sequence of vector bundles over G/K:

9.9) 00— Lg/K— Ly/K—T—0.

If E— G/K is a holomorphic vector bundle over G/K we shall denote by
(P (E) the sheaf of germs of holomorphic E-valued (p,0)-forms on G/K. The
sheaf ® whose cohomology H'(M, ®) we are going to compute is Q°(T).

We are going to prove that Lx/K and Ly /K are trivial bundles. G acts on the
latter, on the left, transforming fibres into fibres. Then Ly/K— G/K is a
homogeneous vector bundle. Let us denote € = eK € G/K (e the unit element
of G). The fibre (Lx/K): on € is (Ly).. Let us consider the left action of G on
(Ly). defined by the adjoint representation, g(w) = gwg ™. Consider the right
action of K on G X(Ly). defined by (g, w)k = (gk, g7'(w)). One can see that
Ly/K =(G X (Lu).)/K (see [11, p. 136]). We summarize this fact by saying that
Ly /K can be thought of as the bundle associated to G — G/K with fibre (Lu).
via the adjoint representation of K on (L ).. In this situation (see [2, p. 243]) it is
known that L, /K is trivial if there is a holomorphic map h : G — Aut(Ly). such
that h(gk)=h(g)adk for every g € G, k € K. It suffices to take in this case
h(g)=adg. This shows that Ly/K is trivial. The same reasoning shows that
Ly /K is trivial too.

We are going to prove that H'(G/K, Q(L4/K))= H' (G/K, Q(Lx/K)) =0 if
i >0. Since the bundles are trivial it suffices to show that H'(G/K, Q%) =0,
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where (1° is the sheaf of germs of holomorphic functions on G/K. Recall that
G/K = P(T(P.(C))). By a theorem of Bochner-Lichnerowicz {18] (see also [8]),
it suffices to show that the first Chern class of P(T(P.(C))) is positive definite. A
representative of the first Chern class of a manifold M is given by the curvature
of the connexion associated to some Hermitian metric in the dual of the
canonical bundle, K(M)*. We know [12] that

K(P(T(P.(C)))* = Q(T(P.(C)))" @ p*(det T(P.(C))* ® K(P.(C))*).

By the same reasoning as in Theorems 9.1 and 8.1, the first Chern class of
P(T(P.(C))) will be positive if

ng -Qé(—a— i_)x‘?w?so
“\az¢ oz

for any non-vanishing vectors X, Y tangent to P,(C). But this expression is just
the holomorphic bisectional curvature of P.(C) which is >0. Therefore
H (G/K,Q%L4/K))=H(G/K,Q(L«/K))=0 if i>0. From the exact
cohomology sequence associated to (9.4) we get H'(G/K,QYT))=
H*(G/K, Q°(L«/K)) = 0. Hence we can conclude that the foliation ¥ of Example
9.2 is Kodaira-Spencer stable.

ReMARK. The foliation in the preceding example is given by a (locally trivial)
fibration over a complex manifold. Nevertheless Theorem 9.1 applies to more
general foliations. Hence it is natural to ask for an example of an application of
Theorem 9.1 in which the foliation does not come from a fibre bundle over a
complex manifold. The following example is such.

ExamrLE 9.3. Let o be the linear automorphism of C given by the diagonal

matrix
1
a,
a;

where a,=(—1/2)+i(V3/2), a.=(—1/2)—i(V3/2). Denote also by o the
projectivity of P»(C) given by the preceding automorphism of C>. Let G be the
subgroup of projectivities generated by o. G = {id, 0, @*}. A point of P,(C) will
be called singular if its isotropy subgroup by the action of G is distinct from {id}.
There are only three singular points in P»(C): (1,0,0), (0,1,0) and (0,0, 1). G acts
in a natural way on the tangent bundle (of type (1,0)) T(P»(C)) as well as on its
projectivization P(T(P»(C))). Since the singular points of P(C) are isolated, G
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acts freely on P(T(Px(C))). P(C)/G is not a manifold (because of the singular
points), but a V-manifold (see [10]). Nevertheless P(T(P(C)))/G is a manifold
since the action of G is free. Consider the natural projection
p: P(T(P(C)))/G — PAC)/G. Let F be the foliation on P(T(P,(C)))/G whose
leaves are the fibres of this projection. Take the metric g given by (9.2) on
P(T(PAC))). Let g’ be the metric

g'=2 (@)

7€G

Obviously g’ is G-invariant, hence it induces a metric on P(T(P5(C)))/G. This
metric is bundle-like pseudo-Kihler and it is easy to see that all the assumptions
of Theorem 9.1 are fulfilled. Therefore & is infinitesimally holomorphically
stable.
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