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AND STABILITY OF COMPLEX 
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BY 
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ABSTRACT 

In this paper we deal with a complex analytic foliation of a compact complex 
manifold endowed with a bundle-like metric and give a transversally holomor- 
phic rigidity theorem (Theorem 9.1) for these foliations, depending on curvature 
conditions. We give some examples for which we study holomorphic rigidity. 
The classical vanishing theorems of Nakano, Gritfiths and Le Potier are the 
main tools we use to prove our results. 

Introduction 

The role of the vanishing theorems for the cohomology of complex analytic 

vector bundles is well known in the theory of complex manifolds. It is therefore 

to be supposed that analogous theorems might also prove interesting for 

complex analytic foliations. I. Vaisman formulated in [22] a vanishing theorem 

implying a rigidity result for some complex foliate structures, but, unfortunately, 
there was a sign error in its proof. In actual fact, the sign in formula (5.13) of [22] 

was wrong, and because of this, proposition 4 and the rigidity theorem on page 

128 do not hold. I. Vaisman had the opportunity to announce this error in the 

review of the mentioned paper in Mathematical Reviews. (See Example 9.1 of 

the present paper and the Remark that follows it in connexion with the results of 

[22] that remain valid.) 

We actually give a new vanishing cohomology result (Theorem 8.1) for foliate 

vector bundles implying a rigidity theorem for complex foliations (Theorem 9.1). 

We also give some examples in which Theorem 9.1 proves to be useful. Theorem 

3.1 constitutes the main tool which make~ it possible to apply the classical 

vanishing theorems of Nakano, Griffiths and Le Potier to the foliate case. 
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Theorem 3.1 is based on a generalization [9] of a rigidity theorem of R. S. 

Hamilton [14] in connexion with compact Hausdorff foliations. 

I wish to express my gratitude to Professor I. Vaisman for his invaluable help. 

He has certainly spent many hours reading my previous manuscripts carefully 

and pointing out some non-trivial mistakes to me. I should state that without his 

cooperation this work would not have perhaps appeared. 

1. Review of compact Hausdorlt |oliations 

This section summarizes material presented in detail in [10] and [9]. 

Let M be a C ® manifold of dimension n + m with a C ® foliation ~ of 

codimension n. Denote by B = M / ~  the quotient space obtained by identifying 

each leaf of ~; to a point, endowed with the quotient topology. We say that ~ is 

compact Hausdortt if the leaves are compact and B is Hausdorit. 

EXAMPLE 1.1. Let D be the open unit ball in R ~. Let G be a finite subgroup 

of O(n).  Let L be a compact manifold. Suppose that there is a C ® free action of 

G on L, on the right. Define an action of G on L x D by g(p, x)  = (pg-l, gx). 

The quotient space L x ~ D  of L x D by this action can be endowed with a 

structure of C ® manifold in a natural way (by using the fact that the action of G 

on L is free). Take the foliation on L x D whose leaves are L x {point}. This 

foliation is preserved by the action of G. So we have a foliation induced on 

L ×~D. This foliation is compact HausdortI. 

This example is interesting by virtue of the following theorem due to Reeb, 

Ehresmann, Haefliger and Epstein [7] (see also [13]), that asserts that all 

compact Hausdorff foliations are locally like the one of this example. 

THEOREM 1.1. [7] If 3; is compact Hausdorff, then there is a "generic leaf" L 

such that there is a dense open subset of M where the leaves are all diffeomorphic to 

L. Moreover, given a leaf Lo, there is: (a) a finite subgroup G of O(n);  (b) a free 

C ® action of G on L, on the right; (c) an open neighborhood V o f L o  and a C ® 

diffeomorphism ~ : L ×G D --~ V which preserves the leaves if one takes on L xc  D 

the foliation of Example 1.1. 

DEFINITION 1.1. Let L ×~D be the foliate manifold of Example 1.1. Let 

'1 : G ~ C®(D, GL(r, R)) be a mapping such that ~(gg')(x) = 

r/(g)(g'x)o ~(g ' ) (x)  Vg, g' ~ G and Vx ~ D. Define an action of G on L × D × 

R' by g(p,x, v )=(pg-~,gx , , l (g) (x)v) .  One can prove easily that (L x D x 

R') /G ~ L x~ D (natural projection) constitutes a vector bundle of fibre R' (see 

[10]). Such a fibre bundle on L xGD will be called allowable. 



Vol. 40, 1 9 8 1  VANISHING C O H O M O L O G Y  THEOREMS 237 

DEFINITION 1.2. Suppose that the foliation 3: over M is compact Hausdorff. 

A C '~ vector bundle E --, M will be called allowable if, given a leaf L0, there is a 

finite subgroup G of O(n), a free action of G on L, a neighborhood V of L,,, 

and a diffeomorphism q~:L x~ D--> V verifying the properties of Theorem 1.1 

such that the pull-back of E [ V by q~ is allowable on L xa D (Definition 1.1). 

The transversal bundle of ~ and the trivial bundle are allowable. From the 

functorial character of the definition it follows that if E and F are allowable, 

then E ~ F, E ~ F ,  Horn(E, F), APE, E*, etc. are also allowable. Recall now 

the following 

DEF~'rrIoN 1.3. A vector bundle E --* M is called foliate if there is an open 

cover ~,/={W} of M by flat local charts (W,x~, ' ' 'X" ,X~÷' ' ' 'Xn÷m) and a 

trivialization of E I W over each W ~ q/, given by a basis of sections s, .. • s,, in 

such a way that the transition functions are constant along the leaves (that is, 

they depend only on x ~. . .  xn). If E is such, we have the notion of a base-like 

section. A section 3, of E is called base-like if it has an expression 3' = E 3'ASA, 

A = 1 . . . r ,  over each W E 0//, where the functions 3A depend only upon 
X I "" "X".  

It is easy to see that an allowable vector bundle is always foliate [10]. 

We need the following 

TaEO~M 1.2. [9]. Suppose that the [oliation 3; of M is compact Hausdorff. Let 
E--* M be an allowable vector bundle. Let ~ (E)  be the sheaf of germs of C ~ 

base-like local sections of E. Let L be the generic leaf of ~. If b,(L) = O, then 
H1(M, ~(E)) = 0. 

REMARK. We can repeat this section assuming that E is a vector bundle with 

fibre C" (instead of R'). 

2. Review of complex analytic foliations 

From now on M will be a compact complex manifold of complex dimension 

n + m endowed with a complex analytic foliation 3~ of complex codimension n 

whose leaves are closed subsets in M. We suppose that 3~ is defined by an 

adapted atlas {(Ua, z~,z~)} (index convention: a,b . . . .  1 . . . n ;  u,v . . . .  
n + 1 . . .  n + m) where z~ = constant defines the leaves. We suppose that M is 

endowed with a Hermitian bundle-like metric g. We shall denote by ~ the 

Hodge star operator corresponding to g and by ~ the operator ~ p  = ~q~ where 

~ 0  means the complex conjugate of :lcq~. We shall have a Hermitian scalar 
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product defined in the space of differential forms by (~0, ~) = fmq~ ^ :~qJ and the 

operator 8 = - ~ d ~  such that {d~, ~) = (¢, &b). We shall have decompositions 

d = d '  + d", 8 = 8' + 8" in accordance with complex types. We shall denote by 

D p'q the space of the forms q~ which have the following local expression: 

1 1 
(2.1) ~p =-~.-~.q~o,...a,~,..~dz°,^ . . .  ^ dz ' ,  ^ d z ~ , . . . ^  dz~ 

where the coefficients q~o,...opa...~ depend only on z °, z ° (recall that a, b . . . .  

1 . . .  n). The elements of D p'q will be called base-like (p, q)-forms. 

At each point x0E M we can define algebraically a Hodge star operator 

~b:  --xo13 P'~---> --xol3 ,-p.n-q (we use b as initial of "base-like"), using only the transversal 

part (gos) of the metric g, in the way that we are going to explain. We can always 

suppose that the coordinates z* have been taken such that the matrix (ga~) is the 

identity at Xo. Let Ap = { a l "  • ap} be a set of indices al < . .  • < ap, 0_-< a~ _-< n. 

Denote by A~,={1. - .  n } - A p  ordered by < .  We define ~b at Xo to be 

~b (fdz% ^ d z ~  ) = ( -  1)qt"-P'e (Ap, A'p)e(Bq, B;) fdz  '~; ^ dz B~ 

where f is any complex number. Define 8b on D ~'q by 8b = - ~ b d ~ b .  We recall 

that by virtue of a lemma of [10, chap. 4] we have 8 ~  = &¢ if q~ E D p'q. 

Let E --~ M be a complex analytic foliate vector bundle (here complex analytic 

foliate means that it is possible to find a cover q / =  {W}, analogous to the one of 

Definition 1.3, by flat local charts, (W, z °, z "), and trivializations over each W 

such that the transition functions depend only on z °). We suppose that E is 

endowed with a foliate Hermitian metric h (here foliate means that h is locally 

given by a Hermitian matrix (hAa) depending only on z ° and z ~) (index 

convention: A, B . . . .  1 . - .  r). We shall use the associate Hermitian connexion 
to B - Id' h ~h ca locally given by A - ~  Acp . We can define a Hermitian product in the 

space of E-valued differential forms by (~0, ~b) = fmhA~o A ^ ~ b  8. (Recall that if 

q~ is an E-valued differential form, then q~ has the local expression ~ = A t~ sA, 

where q A are ordinary forms and {sA} is the basis of sections given by the 

trivialization we have taken.) 

We define the operators d'~, d"E, 8'n, 8~ in the space of E-valued forms by the 

local expressions 

p A (d~tp) = d'tp ~ + to~ ^ tp ~, (d[~p) A = d"~p A, 

8 '  " "  = " '~ = 8"~p A ~q~) 8'~p A , (8~q~) - ~e(0)~q~ A , 

where e(0) means the exterior product by the matrix 0 = (O~a), 0~ = haCd"hcA. 
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One verifies that d'E (resp. d ~) and 8'~ (resp. 8 ~) are adjoints with respect to the 

scalar product ( , ). 

We shall denote by D ~'q (E) the space of C ® base-like E-valued (p, q)-forms. 

Define the operators (6k)b and (8[)b on DP'q(E) by (Sk)b = 8~ and (8[)b = 

8 ~ - ~ b e ( 0 ) ~ b  on each local chart. Since the metric h is foliate, tS"x~ ~jb maps 

DP'q(E) into DP'q-~(E). One can prove that on DP'q(E) one has (8[)b = 8~ and 

(8'~)b = 8'~ (as in case E is trivial). 

Let A~ be the Laplace operator d [ 8 ~ +  8~dL On DP'q(E) one has &~= 

d~(8[)b +(8[)bd~. Hence A[ maps DP'q(E) into itself. We shall denote by 

Hg'q(M, E) the space of those ~ U DP'q(E) such that A[q~ = 0. 

Recall that M is compact, endowed with a bundle-like metric, and that its 

leaves are closed. Then a known theorem (see [16]) asserts that the foliation is 

compact Hausdorff as a real C ® foliation over the 2(n + m)-dimensional real 

manifold M. 

We need the following 

THEOREM 2.1 [10]. Let E---> M be a complex analytic foliate vector bundle 

endowed with a foliate Hermitian metric. Assume that E ~ M is allowable 

(Definition 1.2) over the 2(n +m)-dimensional real manifold M. Let 
Hq(DP"(E),d[) be the cohomology of the complex 

DPJ(E) d~ . . . .  ~ D~'*1(E) 7 . . . .  

We have H q (D p' (E), d ~) -~ Hg'q(M, E ). 

3. Cohomology of base-like forms 

Keep the notations and assumptions of the preceding section. Denote by 

I'll(E) the sheaf of germs of hoiomorphic local E-valued base-like (p, 0)-forms. 

Let L be the generic leaf of ~:. We are going to prove the following 

THEOREM 3.1. Let E---> M be a complex analytic foliate vector bundle en- 
dowed with a foliate Hermitian metric h. Assume that E ~ M is allowable over the 

2(n+m)-dimensional real manifold M. If b l (L)=0 ,  then HI(M,I~g(E))~ 

ng"(M, E). 

PROOF. Here we borrow some ideas from [15]. Denote by z the tangent 

bundle of type (1, 0) of the foliation. Denote by T(M) the tangent bundle of type 

(1, 0) of M. Let v = T(M)/z the transversal bundle. Given X E F(T(M)), we 

shall denote by (X) its class in v. We take a connexion V of type (1, 0) in v such 
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that if X E r(r) and ( Y ) E  r ( v )  then V × ( Y ) =  {[X, Y]) (Bott [3]). We take the 

connexion in E introduced in the preceding section. These connexions induce a 

connexion in A P v * ® E .  Denote  by s ¢ the bundle ~ ) r ~ ) ' ~ .  Denote  by 

B p'q = F( ̂  q ~* ® A p v* ® E).  Define an operator  d : B ~'q --> B ~q +1 in the follow- 

ing way. If tr ~ B "q and X 0 " "  X~ E F(O,  we define 

( d o ' ) ( X o -  • • X q )  = ,~, ( -  1)'Vx, cr(Xo'" .,~,'" Xq) 
O~i~q 

1 i+j  + y_., ( - )  o,([x,,x,l, Xo.. 
0~ii <j =~q 

Since E is foliate there is a cover • consisting of flat local charts ( U, z °, z ~) and 

trivializations of E I U for any U E q / such  that the transition functions depend 

only upon z °. Let  us find the expression of d on (U, z °, z ~). Denote  by x '  the 

coordinates z °, z", z ~. If cr E B "q, or will have the local expression 

1 1 era .i..,, Gr = ~ . ~ .  ,,...~,,...a t~., ^ ' ' ' ^ d x ~  ^ d z ° , ^ . . . ^  dga ,®$a.  

Let ,X be one of the following vector fields over U, X = 8/dz" ,  X = c9/c9z" or 

X = d /gz  °. Observe that we have V x d z  b = 0  and V×sa = 0  with respect to the 

connexions taken in v* and E. In fact, when X " a/,gz ° or X = a / a z  ~ these 

identities are fulfilled since these connexions are of type (1, 0). When X = O/#z" 

we have 

We also have Vaja,. sa = 0 since the connexion in E is given by wa B = ( d ' h a c ) h  cB 

where h is foliate, that is, hac depends only on z °, z L From this we deduce that 

1 1 1  8 , a , ~  t'~ 
, , . ,  . , j , , , ,  } ^ d , , ' ,  ^ . . .  ^ ^ a z ° ,  . .  . d z ' ,  ® s A .  

Hence d 2 = 0 .  Denote  by A ~''' = F(A'7/® A'(T* ~7~)® ^Pv*®E). Obvi- 

ously B r'q = ~ a~.'. ' ~,+,=qo . The operator  d maps A ~''" into A ~ ' + ' " ( ~ A  ~'~÷1. 

Hence d has an obvious decomposition into two parts, ~ = d " +  dl. d~ = 0  

implies _d "2 -- v,I1 d~ = 0 and d"dr = - d i l l  Let 9.P'"" be the sheaf of germs of local 

sections of A'  v* ® A ' ( r *  ~ r * )  ® A p v* ® E. The sequence of sheafs 

• . .  > 9 /~ ' '"  ~' ) 9 / p ' ' ' + '  7 . - -  
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is exact by virtue of lemma 2.4 of [15] (our operator  dr is analogous to the 

operator  d of [15] in the real case considered there). Observe that 

Ker {dr : 91~.o,o--. 92, .°.1} = 92[~ (E),  

where 9,/p (E)  is the sheaf of germs of C ~ E-valued base-like local (p, 0)-forms. 

We have then the resolution 

0 > 91"(E) > 9J p'°'° dl > 9,[ "°'' > . . .  

Since the sheaves ')d "°'' are fine, H q ( { A P ' ° " , & } ) = H q ( M , ~ P ( E ) ) .  By virtue of 

Theorem 1.2 applied to the vector bundle A % @ E we have H ~ ( M ,  ~P ( E ) )  = O. 

Consider the double complex 

T T 
A p.o.l d" A p,l,l . . ._. .> - . - . . .~ , , , 

d,l e,,T 
A'° '°  ---. A p,l,0 . . . .  

iT T 
O . , o ( E )  . . . .  

Observe that the kernel of d I : A P ' " ° - - * A  p''I is D ~ " ( E ) .  We are going to prove 

that H I ( { B  ' ' ,  d}) ~ H I ( { D P " ( E ) ,  d"}). In fact, given u = u "°'1 + u p'l'° ~ B p'I such 

that du = 0 ,  we have dluP'°'z=O, d " u  "°'Z= - d r u  p'L° and d"uP'L°=O.  Since 

HI({A "°', d~})=0 there exists uP'°'° E A p'°'° such that dlu p'°'°= uP'°'L We have 

d t ( d " u  ",°.° - u p'~'°) = - d"dru p'°'° - u p'l'° = - d " u  p'°'~ - dlu p'~'°. Hence ( d " u  p'°'° - 

u p'L°) ~ DP'~(E). This element is a cocycle of Dp'I(E) since d " ( d " u  p'°'° - u p'~'°) = 

- d " u  p'~'° = O. The map from H~({BP, d}) to H ' ( { D P " ( E ) , d " } )  given by class u --~ 

class of (d"u  p'°'°- u p'~'°) is well defined and it is an isomorphism. (In fact, 

given a cocycle a E DP'~(E), then 0 +  a E A "°'l ( ~ A  "~'°= B ~'~ is a cocycle and 

the mapping: class a --*class (0 + a)  is the inverse isomorphism.) As in [15] we 

have H~({B  p, d}) = H~(M,  II~(E)). Hence H~(M,  II~(E)) ~- H~({DP"(E) ,  d"}). By 

virtue of Theorem 2.1 we have H ~ ( M , ~ ( E ) ) - ~  H f / ( M ,  E ) .  

4. Bundle-like pseudo-K/ihler metrics 

Let g be a bundle-like Hermitian metric on M locally given by 

(4.1) g = g ~ d z  ~ ^ dzb  + guoO u ^ 0 ~, 

a , b = l " ' n ;  u , v = n + l " - n + m ,  where ga~ depends only on Z ! ° ° • Z n ,  
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z ~ . . .  z". We shall say that g is a bundle-like pseudo-K/ihler metric if d to '=  0, 

where 

to' = ~ / -  1 g, sdz ~ ^ dz b. 

(This expression gives a form globally defined.) We shall suppose from now on 

that g is such. Denote by L '  the left exterior multiplication by to'. As in section 2 

denote by D p'q the space of C ® base-like (p, q )-forms. Define A' on D p'q by 

A ' =  ~ 1 L ' ~ b .  The pseudo-K~ihler condition implies d L ' =  L ' d  on D p'q. From 

this relation (using :~b) one also gets 6~A'= A'6b. Using :~b and the same 

reasoning as in [4] one can get (on D p'q) the identity A ' d -  dA'--- -C-16bC. 

From this identity one obtains on D p'q 

(4.2) 

A'd '  - d'A' = % / -  16~, 

A ' d " -  d"A' = _ ~ Z - ~  6~. 

Let E ~ M be a complex analytic foliate vector bundle endowed with a foliate 

Hermitian metric h. Let D p'q (E)  be the space of C a base-like E-valued forms of 

type (p, q). Let to be the connexion form toa = (d,hac)hCB. Let 0 be the matrix 

form 0,~ = hBC(d"hca). (to and 0 are only defined on each local chart.) One can 

prove by a componentwise computation that one has on DP'q(E) 

(4.3) A ' e ( to ) -  e(to)A' = - V ' -  l:~be(O):~b = - - V ' -  l : ~ e ( O ) ~ .  

From (4.2) and (4.3) one gets on DP'q(E) 

(4.4) 

One verifies easily 

(4.5) 

where fl,~ = d"to] .  

{ i ¢ I ! A d E - d b _ A  = N / -  16" J t  E ~  

A'd" d" A' = - ' V -  I S'8. E - -  E l l t  

' " e ( I ~ )  d~d~+d"d'~ ~= 

We shall also employ the operator ~ b :DP'q(E)--'~D"-P'"-q(E *) defined on 
" B each local chart (U,, ,z~,z~) by (~b~o)[ U~ = ( h ~ ) ~ b q ~ .  One can see that 

" B (h,~B)~bq~, defines an E*-valued global form. 
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5. A vanishing cohomology theorem for complex analytic foliate line bundles 

Everything is now ready for the proof of the following generalized Nakano's 

result. 

THEOREM 5.1. Let M be a compact mani[oM of complex dimension n + m 

endowed with a complex analytic foliation ~; of complex codimension n. Suppose 
that we are given a bundle-like pseudo-Kiihler metric g on M. Let E--* M be a 

complex analytic foliate line bundle with a foliate Hermitian metric h. Let ~ be the 

curvature form of the connexion associated to h. Let 

II = l-l.~dz" ^ dz  b (a~ b = 1""  n) 

be the local expression of I~. Suppose that the matrix (f/,~) defines, at each point x, 

a negative definite Hermitian product in vx (v = transversal bundle). Then there is 

a bundle-like pseudo-Kiihler metric g on M such that H~'~(M,E)=O for 

p + q < n, where H~'q(M, E) are referred to ~. 

PROOF. Observe that [I will be a global base-like form. Let g be the initial 

bundle-like pseudo-K~ihler metric (whose local expression is (4.1)). By the 

hypotheses, the expression 

D 

will define another bundle-like pseudo-K[ihler metric. Let Hg'~(M, E) be the 

space of C ° base-like E-valued (p, q)-forms q~ such that A~q~ = 0, where A~ is 

referred to g. Let ~ be an element of H~'q(M, E). We shall have 

(deq~,dEq~)-(q~, Eaeq~l- - V ' -  l (q~,(A'd'~- d . . . . .  d '  

= - X/----i((8~L' - L'8~)q~, dkq~) = - X / -  1 (8 ~L'q~, d~q~) 

" ' d'-'"" " - 'X/ t"L' d . . . .  " = - V ' - ~ ( L ' q ~ , ( d e d e +  eae)q~l 

= - X / -  1 (L'q~, e (ll)q~). 

(Recall that ( , ) is Hermitian.) But L '  = - V - 1 e (l~) by virtue of the choice 

of g. So (d~q~, d~q~) = - (L'q~, L'q~). This implies L'q~ = 0 and d ; ~  = 0. But it is 

well known that L ' ~  = 0  implies ~ = 0  if p + q  < n (see [1]). 
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6. Le Potier's isomorphism 

Consider again the complex foliate manifold M of the preceding section. Let 

zr : E ~ M be a complex analytic foliate vector bundle with r-dimensional fibres. 

Let lr':E*---~ M be its dual bundle. Denote by p:P(E*)--->M the projective 

bundle defined by the 1-dimensional subspaces of the fibres of E*. (Each point u 

of P(E*) is a 1-dimensional subspace of 7r'-'p(u).) Since E is foliate we can take 

a cover 0// of M consisting of flat local charts (U, z °, z")  and a trivialization of 

E* I U for any U E 0// such that the transition functions depend only on za. 

Then for any Ua ~ q / o n e  has the natural coordinates (z*~, z~, y2)  (A = 1---  r) 

on w'-J(Ua) = Us x C'. Let VA., be the subset of p-l(Ua) given by y 2 # 0 .  On 

VA.a we have the local coordinates 

(6.1) (z~, z~, t s B, A, A.~ = y~/y~), B #  A. 

It is easy to see (since E is foliate) that (6.1) defines a fiat coordinate system for a 
t B - -  complex foliation on P(E*) whose leaves are defined by z~ = constant, A. , -  

constant. The codimension of this foliation is n + r - 1. 

Let p*(E) be the pull-back of E by p :P(E*)---~M. Let S be the subbundle of 

p*(E) consisting of the pairs (v,,u,) ( z E M ,  vz EE* ,  uz EEl)  such that 

v,(u,) =0.  Then the quotient bundle O(E)= p*(E)/S is a complex analytic 

foliate line bundle on P(E*). Le Potier proved [19] (for m = 0) some cohomol- 

ogy isomorphisms. (See [20] for another proof.) It is easy to see that the proof in 

[20] holds in our situation. Precisely, one has the following 

THEOREM 6.1. For every complex foliate manifold M endowed with a complex 
analytic foliate vector bundle zr : E ~ M, there are the following isomorphisms: 

(6.2) n q (M, I)~(E)) ~- Hq(P(E*), ~(Q(E))) ,  

if one takes the foliation on P(E*) given by (6.1). 

Let h be a foliate Hermitian metric in E. Denote by h* its induced metric in 

E*. We shall use a tilda ( ~ ) to denote the passage to equivalence classes either 

in P(E*) or in Q(E). We shall obtain a Hermitian metric H in Q(E) by 

(6.3) n(07~, uz), 0 ~' u',)) = y~(u,), y'~(u'~) z ,  * I , h (y,, y , )  

which is easily seen to be independent of the chosen representatives and to be a 

foliate metric. Let y be the curvature form (on P(E*)) associated to this metric. 

We want to calculate 7 at a fixed point of P(E*). We may suppose that this point 

belongs to the typical coordinate neighborhood V,,. with non-homogeneous 
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coordinates (z ' ,  z ~, t ~. . .  t '-~, 1). Here our index convention will be: A, B . . . .  

1 . .  • r with t '  = 1 and P, Q . . . .  1 - - .  r - 1. If a trivialization of E* is chosen on 

some neighborhood of the fixed point such that h * is the unit matrix and dh * the 

zero matrix at this point, one obtains as in [12, page 202] the following 

expression for 3': 

~°~ - l + Y~tPt -'~ ; %p=0,  
(6.4) 

~ o  t~'~ . 
3,co - 1 + E t ' ~  (1 +Et~ t~)  2' Y-e = 7~ = 0, 

which is valid at the chosen point and for the chosen trivialization. 

7. Transversal curvature, transversal Rieci tensor and canonical bundle 

Let g be a bundle-like Hermitian metric on M locally given by (4.1). Let v be 

the transversal bundle. By means of g, v can be identified to the normal bundle. 

Let {dz ~, 0 u } be the local cobasis of (1, 0)-forms which appears in the expression 

(4.1). Let {Zo, O/Oz ~ } be its dual basis. The matrix (ga~) which appears in (4.1) 

defines a Hermitian metric in the normal bundle v by the formula g(Zo,  ~ ) =  

g~s. Let V be the unique connexion in v of type (1, 0) associated to this metric, 
given locally by oJ~ = (d 'g~)g  eb. Let 

R : F(T(M)) x r (T(M))  x r ( ~ ) - ,  r (~)  

be the curvature tensor of this connexion. One has R (X, ~ ' )Z = 0 if either X or 

Y is tangent to a leaf. The restriction of R to F(v) × F(P) × F(v) will be called 

the transversal curvature tensor. It will be locally given by components Rata .  

The Ricci tensor Raz = R cc~ will be called transversal Ricci tensor. (We would 

like to point out that the transversal curvature tensor coincides with the 

transversal part of the curvature of the second connexion introduced by 
I. Vaisman in [21].) 

The line bundle A"v (over M) will be called the canonical bundle of the 

foliation and denoted by K ( M ) .  Let { U, } be a cover of M consisting of flat local 

charts. The functions [~ = det(gos)~ on each U~ define a foliate Hermitian metric 

in K ( M ) * .  It is easy to show that the curvature form corresponding to the unique 

connexion of type (1, 0) associated to this metric is locally given by 

(7.1) II = R ~ d z  a ^ dz  b, 
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where R~ are the components of the transversal Ricci tensor. 

Let E--* M be a complex analytic foliate vector bundle with r-dimensional 

fibres. Denote by (/,~),~ its transition functions. We shall denote by det E--* M 
the complex analytic foliate line bundle with transition functions ~0aa = 

det(f,~)°~. As in [12] one can prove 

(7.2) K(P(E*)) = Q(E)-" ~ p *(det E ~ K(M)), 

where p denotes the projection P(E*)---~ M. As in the non-foliate case one can 

prove the following isomorphism: 

(7.3) fig(E) = fI~(K(M)* @ E). 

8. Main vanishing theorem 

THEOREM 8.1. Let M be a compact complex manifold of dimension n + m, 
with a complex analytic foliation ~ of codimension n whose leaves are closed 
subsets. Suppose that M is endowed with a bundle-like pseudo-Kiihler metric g. 
Suppose that ba(L)= O, where L is the generic leaf of the foliation (which is 
compact Hausdorff by virtue of these assumptions). Let E---~M be an r- 
dimensional complex analytic foliate vector bundle, endowed with a foliate 
Hermitian metric h. Assume that E is allowable (Definition 1.2). Let (O,~) be the 
curvature matrix of the connexion of type (1, 0) associated to h and let (fl~) be the 
transversal curvature matrix associated to g (see §7). Assume that 

(8.1) 

m 

O(t, x )  = (r + 1 c t B )h.cOB(7_., Z O X ' X '  t A 

m 

+ ( R a  - ~:,, O,~ ( Z . ,  Zb))X°X'h(t, t) > 0  

for any local non-vanishing section t of E and any non-vanishing transversal 

vector field X = ~, X ' Z , .  (See §7 for the definition of Zo.) Then Ha(M, fI° ( E ) ) = O. 

PRoof. We can introduce a bundle-like pseudo-K~ihler metric on P(E*) in 

the following way. Let 3' be the curvature form of the Hermitian metric (6.3) in 

Q(E). L~t g be the bundle-like pseudo-K~ihler metric on M. Then kp*(g)+ 3' 
(where k is a sufficiently large positive constant) will be positive definite at each 

point by virtue of (6.4). (In fact, k is chosen such that 7-~ + kgo~ be positive 

definite at each point.) It is obvious that this metric will be bundle-like 
pseudo-K~ihler for the foliation introduced on P(E*) by (6.1). Hence we shall 
have a foliate Hermitian metric in K(P(E*) )~  Q(E)*. Call this metric h'. Let 

3" be its curvature form. Denote by 3'1, 3'2 the curvature forms of the metrics in 
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K(M)* and det E respectively induced by the metric g on M and h in E. By 

virtue of (7.2) we shall have 

(8.2)  y '  = - ( r  + 1 )y  + p * (  - y l  + y2). 

Let us show that the expression (OoO~h*)tAt B which appears in (6.4) can be 

written in a more convenient way. Recall that (6.4) was the expression of T at a 

fixed point where h * was the unit matrix and dh* was the zero matrix. The 

curvature matrix of h * is 

(8.3) ~*=d"to*=(d"d'h*)h*-~+(d'h*)Ah*-~(d"h*)h *-1. 

At the chosen point (since d"h * = 0, h * = I)  we shall have fl* = d"d'h *. E will 

have at this point the curvature [l = - ' ( d " d ' h  *). Since the metric h * is foliate, 

the expression (O~a~h~)tAt a can  be written (Z~Zbh~a)tAt B where Zo have been 

introduced in §7. Then we have 

(8.4) ( OoO~h *B )tat B = hAcffa( Zo, Zb )tat B. 

From (6.4), (8.4), (7.1), (8.2) and (8.1), the transversal part of the matrix y '  will be 

negative definite. By Theorem 5.1 applied to P(E*) and to the bundle 

K(P(E *))@ Q (E)*, there is a bundle-like pseudo-K~ihler metric on P(E *) such 

that Hg'q(P(E*), K(P(E*))@ Q(E)*) = 0 if p + q < n + r - 1, where H~ q are 

referred to this metric. In particular ~0 . . . . .  2 • , b = 0. Using the operator ~ b 

introduced in §4 one can see that 

H°b ""+'-2 (P(E*), K(P(E*)) @ Q (E)*) -~ H; +'-L' (P(E*), K(P(E*))* @ O (E)). 

On the other hand, by Le Potier's isomorphism and (7.3) we shall have 

Hi(M, I~ (E) )  ~ H~(P(E*), I)°(Q(E))) 

-~ H'(P(E*), I'l~ ÷'-' (K tP(E*))* @ Q(E))). 

In order to end the proof it suffices to prove that 

HI(p(E.),  f/~+,-1 (K (P(E*))* ~) Q(E))) 

- Hi+'-~'~ (P(E*), K(P(E*))* ~) Q(E)). 

But this isomorphism will be a consequence of Theorem 3.1 if we prove that the 

assumptions of that theorem are fulfilled. Let us prove that Q ( E )  is an allowable 

vector bundle. Since E is allowable, its restriction to a small saturated 

neighborhood will be (isomorphic to) the bundle (L x D x C')/G-->L xoD,  

where O acts on L x D x C' by g (19, x, v) = (pg-l, gx, ~1 (g)(x)v).  The bundle E * 
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on the same neighborhood will be (L x D x C')/G ~ L xoD,  where G acts by 

g(p,x, v )= (pg-~, gx, 'rl(g)(x)-lv). P(E*) on the same neighborhood will be 

(L × D x P,_~(C))/G---~ L xoD,  where G acts by 

g(p, x, v)  = gx, ' n ( g ) ( x ) - ' v ) .  

(This shows that the generic leaf of the foliation on P(E*) is also L.) Let p be the 

canonical projection 

P(E*) = (L × D x P,_~(C))/G .--~ L ×aD = M. 

The pull-back of E (on L ×oD)  by p will be (L x D × P,_~(C) x C')/G where G 

acts by g(p,x,O,u)=(pg-, gx, "0(g)(x)-v, n(g)(x)u). The subbundle S of 

p*(E) (see §6) will consist of those (p,x, fJ, u) such that E vAu A = 0 (we shall 

write v(u)= 0). Observe that if v(u)= 0, then '~l(g)(x)-~v(n(g)(x)u)= 0. This 

shows that the quotient bundle Q ( E ) = p * ( E ) / S  will be locally given by 

(L x D x P,-I(C) x C)/G where G acts by 

g(p,x ,O,c)=(pg- ' ,gx,  rl(g)(x)- v,c). 

This shows that O(E) is allowable. On the other hand K(P(E*)) is 

allowable since the transversal bundle of a Hausdortt compact foliation is always 

allowable and the canonical bundle has been defined by means of the transversal 

bundle. Hence K(P(E*) )*@Q(E)  is allowable. We have also seen that the 

generic leaf of the foliation taken on P(E*) is L. Since b~(L)=0, all the 

assumptions of Theorem 3.1 are fulfilled. This ends the proof of our theorem. 

9. Some consequences of Theorem 8.1 about the stability of complex analytic 

foliations 

In this section we suppose that M is a compact complex manifold of dimension 

n + m with a complex analytic foliation ~ of codimension n whose leaves are 

closed subsets. Let ~" be the tangent bundle (of complex type (1, 0)) and let 

v = T(M)/r  be the transversal bundle. Denote • = I]°(v). Let 19 be the sheaf of 

germs of local holomorphic vector fields 

X = X O a _ ~ + X .  0 
o3z ~ 

such that the functions X ° and X" are holomorphic and aX°/az" = O. Denote 

by • the sheaf of germs of holomorphic sections of ~'. We shall have the 

following exact sequence of sheaves: 
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(9.1) 0---~ ~ ~ O--'~ xI'---~ 0. 

(See [22] and [15]. In [15] qb,® and • are denoted by ~)c,~c and ®c, 

respectively.) 

DEFINITION 9.1. (a) The foliation ~ is called infinitesimally holomorphically 

stable if H~(M, ~ ) =  0. (This stability has been studied in [15], [5] and [6].) 

(b) The foliation ~; is called Kodaira-Spencer stable if H~(M, ®)= 0. (This 

stability has been studied in [17].) 

REMARK. (The meaning of the different kinds of stability introduced in 
Definition 9.1). Let ~: be a complex analytic foliation on M. Let U be a small 

open set of some euclidean space R s containing the origin. A differentiable 

family of deformations of ~: is a family {~,} of complex analytic foliations on M 

depending differentiably on t E  U such that for t =0,  ~0=  ~. 

Kodaira-Spencer's stability (for ~ )  means that every foliation ~, in a small 

differentiable family of deformations of ~: is conjugate to ~ in the sense that 

there exists a biholomorphic bijective map of M sending leaves of ~, to leaves of 

Let us explain now the meaning of infinitesimal-holomorphic stability. Given 

two C ® foliations ~a and ~2 on M whose local transversal manifolds are 

complex analytic, we shall say that ~ and ~2 are transverse conjugate if there 

exists a diffeomorphism of M sending the leaves of ~1 to the leaves of ~2 and 

inducing a holomorphic map on each local transversal manifold. Suppose that 

there exists a C ~ foliation transversal to ~. Duchamp and Kalka have proven in 

that case that infinitesimal-holomorphic stability means that every C ~ foliation 

on M sufficiently near ~:, whose local transversal manifolds are holomorphic, is 

transverse conjugate to ~: (theorem 3.1 of [5]). (Duchamp has communicated to 

me recently that he and Kalka have succeeded in removing the assumption that a 

C ® foliation transversal to ~ exists.) This gives a complete description of the 

meaning of infinitesimal-holomorphic stability. 

From Theorem 8.1 we shall obtain the following 
i 

THEOREM 9.1. Suppose that M is endowed with a bundle-like pseudo-Kiihler 

metric g. Moreover, suppose that 
(a) b~(L )=0, where L is the generic leaf, 
(b) the transversal curvature tensor (see §7) has positive bisectional holomorphic 

curvature. 
Then ~; is infinitesimally holomorphically stable. 
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PROOF. Let us apply Theorem 8.1 to show that HI(M, Q°(v)) = 0. In our case 

g induces a foliate Hermitian metric in !,. In this case (8.1) becomes Q(t, X)= 
(n+l)R( t , t ,X ,X) .  Condition (b) implies Q(t,X)>O and the theorem is 

proven. 

EXAMPLE 9.1. (Proposition 5 of [22]). Let M be the product Pro(C)x Pn(C) 
(n, m > 0) with the natural foliation ~: of codimension n and the product metric 

g = gl x g2 where gl and g2 are Fubini's metrics. The hypotheses of Theorem 9.1 

are fulfilled. Then HI(M, ~ ) =  0. The reasoning in [22] in order to show that 

HI(M, ~ ) =  0 holds good. Then ~ is Kodaira-Spencer stable as a consequence 

of the exact cohomology sequence associated to (9.1.). 

REMARK. It is not necessary to use Theorem 9.1 in this case. I. Vaisman 

pointed out to me the following reasoning. By [5, lemma 4.9] we have 

HI(P,. (C) x P. (C), ~ )  = H°(P. (C), O(Pn (C)) t~ H~(P,. (C), C)) 

+ H'(P. (C), ®(P~ (C)) @) H°(P.  (C), C)) = 0, 

where O(Pn(C)) is the sheaf of germs of holomorphic vector fields on Pn(C). 

EXAMPLE 9.2. Let V be the projective space P,(C). Let p :P(T(V))---~ V be 

the projectivization of the tangent bundle T(V) (of complex type (1.0)). Let M 

be the manifold P(T(V)) endowed with the foliation ~: given by the fibres of the 

preceding fibration. Take on M the bundle-like metric 

(9.2) g = g~dz adz b + 

given in the theorem on page 84 of [21], where gas is Fubini's metric on P.(C). 
This metric is pseudo-K~ihler. The assumptions of Theorem 9.1 are fulfilled. 

Therefore ~ is infinitesimally holomorphically stable. 

We are going to compute HI(M,~) in order to show that ~ is also 

Kodaira-Spencer stable. 
T(P.(C)) can be thought of as the set of pairs ((v), w) with v a unitary vector 

of C "÷~ and w E (vy.  ((v) means the vector subspace generated by v.) (See [11, 

proposition IV, p. 217].) Therefore P(T(P,(C))) can be interpreted as the set of 

pairs ((v),(w)) with v, w unitary vectors of C "+*, v .1_ w. Then 

P(T(P.(C))) =- U(n + 1)/(U(1) × U(1) x U(n - 1)). 

In fact, we can identify both spaces by the following mapping: 

U(n + 1)/(U(1) x U(1) x U(n - 1))--* P(T(P,(C))), 
(9.3) ~ ----) (p(el), p (e2)), 
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where p (~ U(n + 1), ~ is its class and {el • • • e,÷~} is the canonical basis of C "÷~. It 

is easy to see that (9.3) is a well-defined isomorphism. Another way to see that 

this identification is possible is given by problem 10(iii) of [11, p. 463]. To 

abbreviate, denote 

G = U(n + 1), H = U(1) x U(n), K = U(1) x U(1) x U(n - 1). 

The fibre bundle P(T(V) )~  V is G / K ~ G / H  with the natural projection 

(G/K is the space of cosets gK). 
Let T(G) be the tangent bundle of G (of complex type (1, 0)). Let L ,  be the 

subbundle of T(G) consisting of the vectors tangent to the fibres of G ---* G/H. 
Let LK be the subbundle of T(G) consisting of the vectors tangent to the fibres 

of G.--*G/K. K acts on L,  and LK on the right. Lu/K--*G/K and 

LK/K--->G/K will be  vector bundles. The fibre of L , / K  over a point x0 = 

goK E G/K will be isomorphic to (Ln)go (the fibre over go). The fibre of LK/K 
over Xo will be  (LK)so. Let T be the subbundle of the tangent bundle T(G/K) 
consisting of the vectors tangent to the fibres of G/K---* G/H. We have a natural 

projection Ln/K---* T whose kernel is L,/K. Then we have the following exact 

sequence of vector bundles over G/K: 

(9.4) O---~ LK/K---~ LH/K---', T---*O. 

If E ~ G/K is a holomorphic vector bundle over G/K we shall denote by 

I)P(E) the sheaf of germs of holomorphic E-valued (p, 0)-forms on G/K. The 

sheaf • whose eohomology H~(M, ~) we are going to compute is I~°(T). 

We are going to prove that LK/K and LH/K are trivial bundles. G acts on the 
latter, on the left, transforming fibres into fibres. Then Ln/K-..*G/K is a 

homogeneous vector bundle. Let us denote ~ = eKE G/K (e the unit element 
of G).  The fibre (LH/K), on ~ is (LH),. Let us consider the left action of G on 

(LH), defined by the adjoint representation, g(w)= gwg -~. Consider the right 

action of K on G x (L,), defined by (g, w)k = (gk, g-~(w)). One can see that 

L , / K  = (G x (Ln).)/K (see [11, p. 1361). We summarize this fact by saying that 

Ln/K can be thought of as the bundle associated to G ---* G/K with fibre (Ln)e 
via the adjoint representation of K on (L,),. In this situation (see [2, p. 243]) it is 

known that Ln/K is trivial if there is a holomorphic map h : G ~ Au t (L , ) ,  such 

that h(gk)= h(g)adk for every g E G, k ~ K. It suffices to take in this case 

h ( g ) =  adg. This shows that L , / K  is trivial. The same reasoning shows that 

L,dK is trivial too. 

We are going to prove that H'(G/K, 12°(L,/K)) ~ H'(G/K, I)°(LK/K)) = 0 if 

i > 0 .  Since the bundles are trivial it suffices to show that H'(G/K,I) °) =0 ,  
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where fl ° is the sheaf of germs of holomorphic functions on G/K. Recall that 
G/K = P(T(P,(C))). By a theorem of Bochner-Lichnerowicz [18] (see also [8]), 
it suffices to show that the first Chern class of P(T(P, (C))) is positive definite. A 
representative of the first Chern class of a manifold M is given by the curvature 

of the connexion associated to some Hermitian metric in the dual of the 

canonical bundle, K(M)*. We know [12] that 

K(P(T(P. (C))))* - Q(T(P. (C))) n ~ p *(det T(P. (C))* t~ K(P. (t2))*). 

By the same reasoning as in Theorems 9.1 and 8.1, the first Chern class of 

P(T(P.(C))) will be positive if 

O 
ngaetl~( azd ' Oz'/a ~X~X'YaYb>O 

for any non-vanishing vectors X, Y tangent to P. (C). But this expression is just 

the holomorphic bisectional curvature of P.(C) which is >0.  Therefore 

H'(G/K, fI°(L,/K))~-H'(G/K, fI°(LK/K))=O if i > 0 .  From the exact 

cohomology sequence associated to (9.4) we get HI(G/K, fl°(T)) =- 
H2(G/K, ~°(Lr/K)) = 0. Hence we can conclude that the [oliation ~; o[ Example 
9.2 is Kodaira-Spencer stable. 

REMARK. The foliation in the preceding example is given by a (locally trivial) 

fibration over a complex manifold. Nevertheless Theorem 9.1 applies to more 
general foliations. Hence it is natural to ask for an example of an application of 
Theorem 9.1 in which the foliation does not come from a fibre bundle over a 
complex manifold. The following example is such. 

EXAMPLE 9.3. Let tr be the linear automorphism of C 3 given by the diagonal 

matrix 

1 a l  a2)  

where al=(-1/2)+i(~v/3/2), a2=(-1/2)-i(X/3/2). Denote also by tr the 

projectivity of P~(C) given by the preceding automorphism of C 3. Let G be the 

subgroup of projectivities generated by or. G = {id, tr, tr2}. A point of P2(C) will 

be called singular if its isotropy subgroup by the action of G is distinct from {id}. 
There are only three singular points in P2(C): (1, 0, 0), (0, 1, 0) and (0, 0, 1). G acts 

in a natural way on the tangent bundle (of type (1, 0)) T(P~(C)) as well as on its 
projectivization P(T(P2(C))). Since the singular points of P2(C) are isolated, G 



Vol. 40, 1 9 8 1  VANISHING COHOMOLOGY THEOREMS 253 

acts freely on P(T(P2(C)) ) .  P2(C)/G is no t  a man i fo ld  (because  of  the  s ingular  

points) ,  bu t  a V - m a n i f o l d  (see [10]). Neve r the l e s s  P ( T ( P 2 ( C ) ) ) / G  is a man i fo ld  

s ince the  ac t ion  of G is free.  C o n s i d e r  the  na tu r a l  p r o j e c t i o n  

p : P ( T ( P 2 ( C ) ) ) / G  ---> P2(C)/G. Le t  ~ b e  the  fo l ia t ion  on  P ( T ( P 2 ( C ) ) ) / G  whose  

leaves  a re  the  f ibres of this  p ro j ec t ion .  T a k e  the  met r i c  g given by  (9.2) on  

P(T(P2(C))) .  Let  g '  be  the  met r i c  

g'= Y, 

Obvious ly  g '  is G - i n v a r i a n t ,  hence  it induces  a met r i c  on P(T(P2(C) ) ) /G .  This  

me t r i c  is b u n d l e - l i k e  p seudo -Ki ih l e r  and  it is easy  to  see  tha t  all the  a s sumpt ions  

of T h e o r e m  9.1 are  fulfilled. T h e r e f o r e  ~: is inf in i tes imal ly  h o l o m o r p h i c a l l y  

s table .  
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